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We compute the partition function of ﬁve-dimensional Abelian SYM including a graviphoton term on a 
ﬁve-torus. The result agrees with Abelian M5 brane partition function with zero characteristics on an 
associated six-torus.
© 2011 Elsevier B.V. Open access under CC BY license.The partition function of a single M5 brane on topologically 
non-trivial six-manifold M , can be computed using holomorphic 
factorization [1]. The holomorphic factorization was carried out 
more explicitly, and yet applicable to an arbitrary six-manifold, in
[2]. Here the classical contribution to the partition function was 
obtained in terms of a Jacobi theta function Θ
[ a
b
]
(Z) where ai and 
bi are vectors with entries being either 0 or 12 and i = 1, . . . ,b3
where b3 = dim H3(M) is the third Betti number. A unique parti-
tion function was thus not obtained. An explicit computation of the 
partition function on a ﬂat six-torus has been carried out using the 
Hamiltonian formalism and without using the holomorphic factor-
ization in [3]. It was found that the partition function with zero 
characteristics, ai = bi = 0 is picked. The same result was later also
obtained using the holomorphic factorization method in [4] where 
again it was found that the theta function with zero characteristic 
is favoured due to modular invariance.
It has been clear for a long time that the M5 brane can be 
dimensionally reduced to a D4 brane by compactifying the M5 
brane on a circle. But recently it has been conjectured that these 
two theories might even be dual [5,6]. As very preliminary test 
of this proposal we will compute the partition function of ﬁve-
dimensional D4 theory on a ﬁve-torus, and show that it agrees 
with the partition function Θ(Z) := Θ[ 0 
0
]
(Z) of the M5 brane on
a corresponding six-torus.
Let us brieﬂy recall the computation of the partition function 
of an Abelian selfdual three-form on an Euclidean six-manifold M
[2]. Let us introduce the notation
(ω,η) =
∫
ω ∧ ∗η
for two forms ω and η of the same rank. As the Euclidean Action 
we take [10]
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2π
(H, H)
and we assume that H is a nonchiral closed three-form ﬁeld. By 
Hodge decomposition this ﬁeld can be expressed as
H = H0 + dB + d†C
where H0 is harmonic, B is a globally deﬁned two-form. However, 
since(
H,d†C
)= (dH,C)(
H,d†C
)= (d†C,d†C)> 0 
and we assume that dH = 0, we ﬁnd that the most general Hodge
decomposition is reduced to two terms,
H = H0 + dB
We will refer to the harmonic term as the classical part, and the 
globally exact term as a quantum ﬂuctuation. Indeed (H, H) 
(H0, H0) as a consequence of (H0,dB) = 0. Thus the classical part
is a local minimum of the Action and vice versa.
Dirac charge quantization means that if a is any three-cycle 
in M , then∫
a
H ∈ 2πZ
We wish to expand the harmonic part in the basis {EAi, EiB} of
harmonic three-forms
H0 = nAi E Ai + nBi EiB
with integer coeﬃcients nAi and nBi . This is possible only if we 
restrict our basis to also have periods which are 2π ,( ∫
ai E Ak
∫
ai E
l
B∫
E Ak
∫
El
)
= 2π
(
δik 0 
0 δl
)
b j b j B j
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intersection form of these three-cycles(∫
E Ai ∧ E A j
∫
E Ai ∧ E jB∫
EiB ∧ E A j
∫
EiB ∧ E jB
)
= 4π2
(
0 δ ji
−δij 0
)
where integration is over M . This can be seen as follows,∫
M
EAi ∧ E jB =
∑
i
∫
ai
E Ak
∫
bi
ElB = 4π2
∑
i
δikδ
l
i = 4π2δlk
Given such a symplectic basis, we deﬁne the period matrix
Z ij = Xij + iY i j by [2]
EiB = Xij E A j + Y ij ∗ E A j (1)
After a holomorphic factorization, the classical contribution to the
partition function is found to be
Zclassical,6d(Z) = Θ(Z) (2)
where
Θ(Z) =
∑
ni∈Z
exp
{
iπni Z
i jn j
}
is the Jacobi theta function with zero characteristics. Holomorphic
factorization alone does not pick the zero characteristics for us
though, but this is the one that will be the focus of our interest
in this Letter.
We now apply this formalism to the case when the six-
manifold is a six-torus with coordinates xM ∈ [0,2π ]. If we select
one coordinate that we denote x6 := ψ , then we have a natural
metric independent choice for the symplectic basis
E A,MN = 1
6.4π2
MNP Q R dx
P ∧ dxQ ∧ dxR
EMNB =
1
4π2
dxM ∧ dxN ∧ dψ
where MNP Q R = MNP Q Rψ is totally antisymmetric, equal to ±1.
The indices runs as M = 1,2,3,4,5 and M = 1,2,3,4,5,ψ . Not
all these components are independent since E A,MN = −E A,NM . We
may restrict ourselves to M < N , and then we ﬁnd b3(T 6) = 10
independent components in E A,MN , and likewise for EMNB . The
metric on a ﬂat six-torus can be expressed in the Kaluza–Klein
form as
gMN =
(
GMN + R2VMVN R2VM
R2VN R2
)
and the inverse is
gMN =
(
GMN −V M
−V N 1
R2
+ V 2
)
where V 2 := GMN VMVN . We will refer to VM as the graviphoton
ﬁeld. The six- and ﬁve-dimensional square-root determinants are
related as
√
g = √GR
The period matrix can be computed from the deﬁnition (1), which
here explicitly reads
EMNB =
1
2
(
XMN,P Q E A,P Q + Y MN,P Q ∗ E A,P Q
)
where the important factor of 12 arises by summing over all P , Q
rather than restricting the sum to P < Q . Then we also have∑
M<N, P<Q
nMN Z
MN,P Q nPq = 1
4
∑
nMN Z
MN,P Q nP Q
Following the steps in the Appendix of [4], we compute this period
matrix with the result
ZMN,P Q = −1
4
GMNP Q R V R + i
√
G
2R
GMN,RS (3)
We now turn to Maxwell theory on Euclidean T 5 with metric
GMN and Action
S[F ] = 1
8π2R
∫
F ∧ ∗F + i
8π2
∫
V ∧ F ∧ F (4)
One argument for having this normalization of the Maxwell term
can be found in [5]. The second term, which we may refer to as the
graviphoton term as it involves V = VM dxM , was also discussed
in [9] and we will shortly give two arguments why it should be
normalized in precisely this way. Hodge decomposition in combi-
nation with the Bianchi identity gives us
F = F 0 + dA
where A is globally deﬁned and F 0 is a harmonic two-form. On a
ﬁve-torus we have the harmonics
F 0MN =
1
2π
nMN
where the nMN are integer quantized by the Dirac charge quantiza-
tion. It is now easy to see that we can indeed identify the classical
part of the six-dimensional partition function with the classical
part of the ﬁve-dimensional partition function,
Zclassical,5d = Zclassical,6d
where
Zclassical,5d =
∑
nMN
exp
{−S[F 0]}
and Zclassical,6d is given by (2), (3).
For the supersymmetric M5 brane the quantum ﬂuctuations
cancel between bosons and fermions. With periodic boundary con-
ditions, the partition function in the Hamilton formalism is given
by Z = tr((−1)F ei2πH ) where H is the Hamiltonian. All the quan-
tum ﬂuctuations have positive energy and there is a ﬁnite size
energy gap to the lowest excited state due to the ﬁnite size of
the six-torus which renders all momenta to be integer quantized.
The same is true for the supersymmetric D4 brane. We conclude
that the partition functions for M5 and D4 are exactly the same in
the Abelian case when the six-manifold is a ﬂat six-torus. The cor-
responding ﬁve-manifold may be taken as any of the ﬁve-tori that
one can embed into the six-torus with the graviphoton ﬁeld and
ﬁve-dimensional metric deﬁned accordingly.
We end this Letter by providing another argument for the pres-
ence of the graviphoton term in the ﬁve-dimensional Action, which
also gives a justiﬁcation of the normalization constant that we
have chosen. Let us consider a 4 + 2 split of the six-manifold and
restrict the metric to be on the form
gMN =
⎛
⎝ gμν 0 00 g55 R2V5
0 R2V5 R2
⎞
⎠
Let us deﬁne(
g55 R2V5
2 2
)
= R2
( |τ |2 τ1)
R V5 R τ1 1
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τ = τ1 + iτ2 = θ
2π
+ 2π i
g24d
The graviphoton is then given explicitly by
VM = θ
2π
δ5M
We now dimensionally reduce the ﬁve-dimensional Action (4)
along x5 to four dimensions where we get
1
4g24d
∫
d4x
√
gFμν F
μν − iθ
32π2
∫
d4x gμνλτ Fμν Fλτ
Here
g24d =
2π
|τ |2
is the dimensionless four-dimensional coupling constant. This four-
dimensional Action has been derived from M5 brane by dimen-
sional reduction [7].
Let us ﬁnally comment on a 3 + 3 split and consider a six-
manifold on the form R1,2 × S3/Zk . Here Zk acts on za ∈ C2 as
za → e 2π ik za , and S3 consists of the points which satisfy z1 z¯1 +
z2 z¯2 = R2. In this case the graviphoton will be a connection one-
form on S2 base-manifold of S3/Zk which obeys∫
S2
W = 2πk
where, locally, W = dV , and the Zk acts on the S1 ﬁber only. To
see this more clearly, let us write down the metric on S3. If we
denote the ﬁber coordinate by ψ then orbifolding amounts to the
identiﬁcation ψ ∼ ψ + 2πk . This leads us to rewrite the Kaluza–
Klein metric in the form
ds2 = Gmn dσm dσ n +
(
R
k
)2
(kdψ + kV )2
where Gmn is the metric on S2 and where we scale the radius
1 We use the convention 1
4g2
FMN F MN to deﬁne g . This means that we relate our
g2 to 12 g
2 in [8] which uses the convention 12 FMN F
MN instead.
2gof the ﬁber by 1k at the same time as we scale the graviphoton
by k. Then we rename ψ˜ = kψ , which after orbifolding is 2π pe-
riodic. Then we see that also V˜ = kV is subject to the above Dirac
quantization (which should now be written in terms of tilde vari-
ables, but which we now remove for notational convenience). Let
us now consider dimensional reduction on S2. In this situation we
get, upon an integration by parts,
k
32π2
∫
R1,2×S2
d5x GMNP Q R V R FMN F P Q
= k
4π
∫
R1,2
d3xμνλAμ∂ν Aλ
where we split M = (μ,m). This now provides a clean connec-
tion between the k of the orbifold S3/Zk and the k of the three-
dimensional Chern–Simons term. Consistency of the Chern–Simons
term for arbitrary k ∈ Z also shows that the normalization of the
ﬁve-dimensional graviphoton term has to be the way we have cho-
sen it.
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